Introduction
A. K. Bousfield has recently shown how to construct a canonical integral homology localization Xz for any space X. The aim of this paper is to show that in a natural range of dimensions the homotopy groups of Xz are related in a stable way to the homotopy groups of X itself. In one case this relationship is direct enough to give a novel form of the Whitehead theorem.
Our technique is to construct a first quadrant spectral sequence which converges to n.(Xz). We assume that the homotopy groups rcX are nilpotent rclX-modules [1, 4.2] for 2 < < n (n > 1), and then show that in dimensions less than 2n the E2-term of this spectral sequence depends only on nix and on the action of nX upon the individual higher homotopy groups of X. Moreover, the influence of a given nX-module on the tractable part of E 2 is both additive in nature and independent of the particular dimension in which the module appears as a higher homotopy group. This is what stability means.
Sometimes the spectral sequence allows some homotopy groups of Xz to be computed explicitly. For instance" 1.1 THEOREM. Let X be a connected space with finite skeleta. Suppose that rcX is a nilpotent group and that rcX acts nilpotently on nX for 2 < <_ n (n > 1). Then there are natural isomorphisms r(Xz) ztX,i < n and zt(Xz) (rcX)^,n < <_ 2n 1.
Here (ztiX) denotes the lower central series completion (4. 3) of rcX with respect to the action of ztlX. The space X has finite skeleta if it has a finite number of simplices or cells in each dimension. Since the integral homology localization functor converts homology equivalences into homotopy equivalences, we immediately obtain" Construction and additivity. Let K be the space K(, 1). For any a-module M and integer n >_ 2, let L(M, n) be the split fibration over K, with fiber K(M, n), which is determined by the action of a on M. There is a natural projection L(M, n) -K and a natural section K L(M, n). We define S,(M) to be the relative homotopy group Zn++ x(Kz, L(M, n)z). Since the fiber of the map L(M, n) K is (n 1)-connected, so is the fiber of L(M, n)z -Kz (2.4); thus these groups vanish if k < 0.
3.1 PoPosn'oy. There are natural suspension maps S,(M)--. S,+a(M) (n > 2) which are isomorphisms if k <_ 2n 2 and epirnorphisms ilk < 2n 1. This is proved below.
The stable groups S(M) (k < 2n 2) will be denoted S(a; M) or simply S(M). They Proof of 4.1. Ctioose n > 2, and let E(n) be the split fibration over Kz with fiber K(So(M), n) which is determined by the action of zrl(Kz) tr' on So(M).
The space E(n) is Bousfield; this can be seen by expressing it as the pullback over a map Kz -K(a', 1) of a split fibration over K(a', 1), and using [-1, 5.5 12.9]. There is a map of split fiber sequences [1, 7.5] , this proves (c). gives rise to a localized tower "-} (PnX)z (P.-1X)z '" (PtX)z (PoX)z Just as the homotopy inverse limit of the first tower is homotopy equivalent to X, the homotopy inverse limit of the second tower is homotopy equivalent to Xz. In fact, it follows from 2.4 that the homotopy fiber of the map Xz -(PX)z is (n-1)-connected. Similarly, the homotopy fiber of the map (PX)z --* (P-X)z is (n 1)-connected. 5.4 COROLLARY. Suppose that X is a connected space and that n tX is a nilpotent group which acts nilpotently on ziX for 1 < j <_ n (n > 1). Suppose furthermore that rc X is finitely generated and that TciX is finitely generated over niXfor n < j < 2n. Then there are natural isomorphisms (Xz) ntX, < n, and n(Xz) (rcX)^, n < <_ 2n 1, as well as a natural epimorphism (n2,X) --. 2.(Xz). This is a routine consequence of the fact that the integral group ring of a finitely generated nilpotent group is (left and right) noetherian [3] .
A slight refinement. By applying a fiberwise suspension functor to the fibration Xz (P,X)z and using the Freudanthal theorem, one can improve the epimorphism in dimension 2n of 5.4 
